Introduction
Let f be a homomorphism from a second countable locally compact group G into the continuous automorphisms of a second countable compact group K. Let g * k = f(g)(k) and suppose further the mapping given by (g, k) → g * k is continuous from G × K into K, g ∈ G, k ∈ K. Then the cartesian product K × G becomes a group with multiplication given by (k 1 , g 1 )(k 2 , g 2 ) = (k 1 (g 1 * k 2 ), g 1 g 2 ), where
We denote this semi-direct product group by K × s G.
Let (S, µ), a standard Borel space, be an ergodic Borel K × s G-space with a probability invariant measure µ. In this paper we state necessary and sufficient conditions so the quotient Borel K × s G-mapping from S into the space of K-orbits in S has relative discrete spectrum. These conditions are in terms of the stabilizers and the natural action of G on the dualK of K. (We remind the readerK is the set of unitary equivalence classes of irreducible unitary representations of K).
Choose a Borel subset S of S that meets each K-orbit in S exactly once. Let p : (S, µ) → (S, µ) be a mapping given by p(s) = s where s is the unique point in S that meets the K-orbit s · K of s and
K × s G induces a natural action on the space of K-orbits in S. Since S is identified canonically with the space of K-orbits then K × s G acts on S. We will denote this new action by •. Namely, K acts trivially on S and G acts on S by s • g ≡ p(s · g) where · is the original action of K × s G on S. Then (S, µ) becomes an extension of (S, µ). (see [2] for definitions).
We will assume the stabilizers in K of each s in S are all the same. For each s ∈ S, let L = {k ∈ K : s · k = s} and let L ⊥ be the set of all representations γ inK whose restriction to L contains the identity one dimensional representation as a direct summand. Let G act onK by
where
The main result of this paper is the following.
Theorem:
The extension p : S → S has relatively discrete spectrum if and only if γ · G is a finite subset
To simplify the proof of the Theorem we first have a short discussion on the cocycle representation associated to the extension p. Let µ = µ s dµ(s) be a disintegration of µ over the fibers of p where µ s is a K-invariant measure on S concentrated on s·K, and if µ s ·g is the measure given by (
The natural cocycle representation R associated to p acts on the Hilbert bundle
given by (see [2] , page 382):
Consider the bijection between S and {(s, Lk) :
If m is the unique K-invariant probability measure on L\K then there is a non-negative real-valued Borel function φ defined on S satisfying
s ) for each s ∈ S. Since G acts ergodically on (S, µ) and φ is G-invariant, then φ(s) = 1 for µ − a.e. s.
For each s ∈ S define a linear mapping 
If e is the identity element then b(s, e) ∈ L for any s ∈ S. Thus,
Proof of the Theorem
Let us assume the orbit γ · G is finite for each γ ∈ L ⊥ . By the Frobenius Reciprocity Theorem,
is the image of the γ-primary projection P γ of π. 
Then one can verify that
P γ·g −1 R(s, (k, g)) = R(s, (k, g))P γ holds for almost all s, for each (k, g, γ) in K × s G ×K and k 1 ∈ K. In particular, R(s, (k, g))L 2 γ (L\K) ⊆ L 2 γ·g −1 (L\K) for a.e. s, for each (k, g, γ) ∈ K × s G ×K. If ϑ is a G-orbit inK then for each (k, g) ∈ K × s G, R(s, (k, g)) γ∈ϑ L 2 γ (L\K) = γ∈ϑ L 2 γ (L\K)k → R(s, k) is a unitary representation of K on V i (s) for all i. If R(s, k) defines a unitary representation of K on V i (s), let Λ(i, s) = {γ ∈K : V i (s) > γ} where V i (s) > γ if
and only if the γ-isotypical summand in
is an orthogonal direct sum for µ -a.e. s, then we can choose an index i 0 such that the following set has positive µ-measure
Furthermore, this set with positive measure can be written as a countable union of sets indexed by the finite subsets F ofK containing γ 0 , namely
γ·g −1 (L\K) for a.e. s. Define a Borel mapping η from S into the finite subsets ofK by η(s) = Λ(i 0 , s), s ∈ S. Since η is
is a well known orthogonal direct sum. Thus, the trivial bundle L 2 (T 2 , µ) over S is a direct sum of the Hilbert bundles H n,m (w) : w ∈ S where the sum is indexed over Z Z 2 . Hence, the extension p : S → S has relative discrete spectrum.
Finally, let us describe the ergodic actions of K × s G which leave a probability measure invariant.
Suppose G · γ is a finite orbit for each γ ∈ L ⊥ . Then S is essentially given by a skew-product action defined 
